Accurate calculation of rotor losses in PM synchronous machines can be critical because these losses tend to be very small relative to others in the machine. Numerical methods, such as finite element analysis (FEA), can now provide accurate estimates of these losses, but they, especially 3D FEA, can be time consuming. Analytical methods therefore remain very useful as quick tools for estimating losses at the early design stages. This paper presents a new improved analytical method for the calculations of rotor eddy current losses in PM machines using a reformulation of the current sheet model into transfer matrices to solve Helmholtz's diffusion equation. Such methodology reduces the complexity of the problem significantly, particularly in machines with retaining sleeves, and simplifies the numerical evaluation of the resulting equations. A high speed PM machine with a retaining sleeve is presented as a case study. The analytical results are verified using FEA.
Introduction
Permanent magnet synchronous machines are commonly attributed the advantage over induction and brushed DC machines of having virtually no rotor losses. This is by and large a nearly true statement in low speed machines of conventional designs with distributed windings and sinusoidal rotor and stator fluxes using sine filters to suppress PWM current ripple. However, this is not the case in common designs using fractional slot concentrated windings with significant asynchronous harmonics, which can produce significant rotor losses [1] . The losses are further intensified by high-speed, particularly when directly driven by a PWM inverter, without a sine filter under high electric loading conditions. Examples of applications where this may be the case include: liquid cooled highly loaded PWM driven motors developed for electric vehicles and submersible pumps; motors used in high-speed gas compressors and machines tools; and high speed turbo generators used in exhaust energy recovery electric turbo-compounding systems.
Rotor losses tend to be very small compared to other losses in the machine, but due to the usually poor cooling of the rotor they can cause excessive rotor heating, and even failure. For example, in a commercial 60 kW, 60 krpm generator with limited rotor cooling through the shaft 180 W of rotor loss is tolerable, but if the loss is around 250 -300 W, the rotor will overheat, which will lead to failure. A relatively small error in the calculation of these losses at the design stage can therefore be critical as it may result in designing a machine that may fail or discarding a feasible and maybe good design.
Rotor losses are primarily caused by eddy currents induced by asynchronous flux harmonics. But there can be also significant hysteresis losses in the magnets, which can be larger than eddy current losses at low frequencies [2] . The hysteresis losses can be particularly important in machines with ferrite PMs [1, 3, 4] but less significant in machines with NdFeB PMs [5] . However, the methodology presented in this paper deals only with eddy current rotor losses.
During the last 20 years there have been significant advances in the development of both analytical and numerical techniques for calculating rotor losses [1] . Great insights have been gained through both theoretical and experimental work, which in some cases have aided the development of commercial products [6, 7, 8, 9, 10, 11] . Finite element analysis (FEA) software is capable of accurately calculating losses taking into account PWM external circuits, 3-dimensional effects and magnet segmentation that are difficult to handle analytically. But 3D FEA in particular is still time consuming, with a typical solution using a moderate mesh size taking several days to compute using a PC with a CORE i7 processor and 32 GB of memory. Two-dimensional models are quicker, but can still take several hours, which is still too long especially at the early design stage when the machine proportions are constantly revised in the light of rotor dynamics, losses, availability of materials. FEA is usually reserved for the final design refinement stages.
Therefore, at the early design stages, when answers are needed in minutes rather than hours, analytical methods remain indispensable. In addition to being quick, they provide an invaluable insight into the causes of the losses and their dependence on the machines design parameters and construction, thus aiding design decisions.
Previous studies have successfully calculated rotor losses in inner rotor PM machines using a current sheet model [7, 12, 13, 14, 9, 15, 16] . However, this approach has a major drawback, as the number of regions in the model increases, the complexity of the problem increases very significantly because it is necessary to invert a large matrix (proportional to the number of cylindrical layers) to solve the linear system of boundary conditions [14] . Furthermore, such a matrix can be badly scaled and in cylindrical coordinates some of terms are obtained by evaluating Bessel functions with large complex arguments, which is not always possible using common solvers.
In this paper we propose an analytical method also based on the current sheet model. However, instead of solving directly the linear system of boundary conditions we obtain a transfer matrix between adjacent layers. This implies that only matrices of order two need to be inverted. Transfer matrices are commonly used to represent the magnetic field of magnets in the optic approximation, i. e., thin lens model, for the beam dynamics in the context of particle accelerators [17] . A similar approach has been used in the past to obtain the eddy currents in geometries with several rectangular regions [18, 19, 20] . Kirtley, for example, apply a surface coefficient in a similar way but in cylindrical coordinates but assume that the eddy currents are resistance limited (solving Laplace's equation), which means that it is applicable for thin regions only [21] .
We have generalised the concept of the transfer matrix to cylindrical coordinates for both conducting and nonconducting regions and formulated it in a systematic form to solve Helmholtz's diffusion equation. The methodology proposed in this paper can be used for any number of cylindrical regions, conducting or non-conducting, excited by a cylindrical current sheet at an arbitrary position. This approach can be used to analyse inner rotor PM machines, outer rotor PM machines and magnetic brakes with any number of cylindrical layers without increasing the complexity of the problem. Furthermore, the transfer matrix of each region provides a direct insight into the behaviour of each layer for a given frequency.
The machine studied in this paper is a high speed PM machine with a carbon fibre retaining sleeve. The eddy current distribution for each asynchronous harmonic can be readily calculated in every conducting region. To illustrate the usefulness of the proposed methodology we will show the influence of the sleeve conductivity on rotor losses. These results are verified using transient FEA and compared to the methods presented in [20, 21] .
The paper starts with a description of the machine that is presented as a case study in section 2. Next, the proposed methodology is presented in section 3. Section 4 shows the analytical calculation of the magnetic field distribution in the air-gap. The results are presented in section 5. Finally, the conclusions are drawn in section 6. Fig. 1 shows a quarter cross-section of a high speed PM machine, which requires a sleeve to hold the magnets, making the effective air-gap relatively large. The parameters of the machine are shown in Table 1 . The slots of the machine shown in Fig. 1 have tooth tips, but as long as the tooth tips are not saturated, which is largely the case in these machines, the rectangular slot model remains valid [22, 23] . The rectangular slot model assumes a slot without tooth-tips, but with the same slot opening as the machine shown in Fig. 1 . Taking into account that the permeability of the magnets and the sleeve is close to µ 0 the effective air-gap length as defined in Fig. 1 is:
Description of the Machine under Study
where h m is the magnet's thickness, t sl the sleeve's thickness and h g the clearance gap as shown in Table 1 .
Calculation of Rotor Losses using Transfer Matrices
The proposed methodology assumes that the geometry is two-dimensional, therefore, it does not take into account end effects nor peripheral magnet segmentation. All the regions are assumed to be cylindrical, and accordingly circumferential segmentation is not taken into account. The properties of the materials are assumed to be linear and isotropic. Accordingly, saturation in the ferromagnetic elements is neglected and the anisotropic properties of the sleeve (if made of carbon fibre for example) have to be homogenized.
The underlying principle of the current sheet method is to represent each asynchronous field harmonic using a current sheet that generates a field harmonic of the same amplitude and space order [12, 14, 15, 16, 23, 24, 25] . The workflow of the process is as follows:
1. Calculate the asynchronous harmonics (at no-load or at on-load) present in the particular machine studied, this topic is described in detail in references [12, 14, 15, 16, 23, 24, 25] ;
2. Add the harmonics as vectors;
3. Represent each harmonic with a current sheet with the same space order and time order (assuming that PMs have no magnetization and that there are not currents in the windings); the amplitude of the current sheet is adjusted to produce the calculated magnetostatic flux density;
4. Calculate the rotor losses for each harmonic;
5. The total eddy current losses are the addition of all the harmonic losses by solving the diffusion equation.
Let us assume that we have a cylindrical geometry with N regions, each of them with a conductivity σ n and a permeability µ n , as shown schematically in Fig. 2 . The properties of the materials are assumed to be constant in each layer. There is a current sheet of time order k and space order q in between regions h − 1 and h, which can be expressed as:
where j = √ −1 is the imaginary unit. Fig. 2 shows a simplified representation of the geometry of the problem. Only some of the regions are shown and the current sheet in between regions h − 1 and h is shown as a thick line. The objective is to calculate the magnetic vector potential, A, in the each layer of the cylindrical domain. In cylindrical coordinates the Laplacian of A assuming no variation in the z direction is expressed as follows:
Since the applied current sheet is sinusoidal in space and time, the magnetic vector potential, A, can be expressed as a phasor as
accordingly, in steady state the Laplacian can be expressed as
Substituting (4) into (5) and re-arranging the terms we obtain
The general solution of this equation in a conductive region (σ = 0) is:
in which κ 2 = jkωµσ, C and D are constants that are determined by applying the boundary conditions, and I q and K q are the modified Bessel functions of the first and second kinds of order q, respectively. The radial and tangential components of the magnetic field distribution are calculated as follows:
However, for a non-conductive region (σ = 0) the solution of (6) is as follows:
Therefore, the radial and tangential components of the magnetic field distribution are calculated as follows:
The only boundary condition is that there is no flux escaping the last layer, which is the same as saying that B r = 0 in layer N . At all the interfaces the radial component of the magnetic field, B r , is continuous. The tangential field intensity, H θ , is continuous in all interfaces except layer h in which there is a discontinuity by the amount of the current sheet value.
To reduce the complexity of the problem in the presence of several layers a transfer matrix approach is used to deal with the boundary conditions of the interfaces. The objective is to obtain a transfer matrix, [T n ], that relates the radial component of the magnetic field, B r , and the tangential component of the field intensity, H θ , at the boundaries of region n. This can expressed as follows:
where B n is the radial component of the magnetic field at layer n and H n is the tangential component of the field intensity at layer n. The transfer matrix can be obtained for each region based on the geometry and its properties. The calculation of this matrix for conductive regions and non-conductive regions is shown in sections 3.1 and 3.2, respectively. Therefore, we can use the transfer matrix of each region to write the following equations:
B
To solve this system it is necessary to apply the boundary condition, which is simply that B N = 0. Additionally, the magnetic field has to be finite at the origin. Therefore, we can write
where
when σ 1 = 0 and
when σ 1 = 0.
Using the previous expression we can obtain the values of B 1 and H N as follows:
with
Once the values of B 1 and H N are known, they can be used to obtain all the rest using the transfer matrices, as shown in (14) an (15).
Transfer matrix for a conductive region
The transfer matrix, [T n ], directly relates the magnetic fields at the two boundaries of a given region n. Fig. 3 shows a schematic representation of a generic region. H n−1 and B n−1 are the tangential component of the field intensity and the radial component of the magnetic field at the inner boundary of region n, respectively.
The expression of the magnetic field distribution is shown in (8) and (9) . Therefore, for a region n:
therefore, re-arranging the terms: Figure 3 : Simplified representation of a given region, n.
and
On the other hand we have that
Therefore, the transfer matrix is simply expressed as:
Transfer matrix for a non-conductive region
The methodology is exactly the same as in the case of a conductive region but the expression of the magnetic field distribution is shown in (11) and (12) . Therefore, for a region n:
therefore, re-arranging the terms:
Calculation of losses
Once the constants C and D are calculated for all the regions, the magnetic vector potential is known in all the domain and the currents induced in the axial direction are calculated as follows
where σ is the conductivity of the material. The total rotor losses can be obtained by integrating J 2 axial /σ in all the domain or using the Poynting vector [23, 24, 9] .
The amplitude of the current sheet that corresponds to each asynchronous harmonic,Ĵ qk , is effectively set to produce the same normal flux density on the surface of the magnetB qk [14, 23, 24, 16, 26] . In practice, the problem is solved by settingĴ qk = 1 and calculating the corresponding losses P qk1 from the solution of the diffusion equation in the current sheet model. In addition, the Laplace equation (no eddy currents) is solved to find the correspondinĝ B qk1 whenĴ qk = 1. Finally, since the eddy current losses are proportional to the square of the field inducing them, the actual losses for a givenB qk are readily calculated as
In this paper, the value ofB qk is obtained using conformal mapping and the winding functions as shown in the following section.
Comparison with the conventional approach
The key step when obtaining the magnetic field distribution and eddy current distribution using our method is the solution of (19) and (20) . In practice, this means inverting matrices of order 2.
On the other hand, in the conventional approach, to obtain all the unknown coefficients it is necessary to invert a matrix of order (2N − 1) , where N is the number of regions [14, 15, 16] . Furthermore, in many cases the orders of magnitude of the elements of such a matrix are very different (due to very large differences in conductivity and permeability of the different materials), which gives rise to numerical convergence problems.
In terms of computational complexity, this can be expressed using the big O notation [27, 28] . The mathematical complexity of inverting an order two matrix is O(1), because the number of operations carried out does not increase as the number of layers increases. But inverting an n order matrix has a complexity of O(n 3 ) when using the GaussJordan elimination algorithm.
Magnetic Field Distribution in the Air-gap 4.1 No-Load Magnetic Field Distribution
The no-load magnetic field distribution in the air-gap of the slotless configuration using the rotor's reference frame can be expressed using complex number notation as
where the coefficients K n (r) and D n (r) are calculated according to [29] . The complex permeance (CP) function using the rotor's reference frame is
where the coefficients λ a0 , λ am (r) and λ bm (r) are calculated using conformal mapping [22, 25, 26] and ω m = ω/p is the mechanical speed of the rotor. Therefore, the magnetic field distribution of the slotted geometry is
For the calculation of rotor losses we are interested in the amplitude of the asynchronous harmonics of the radial component of the magnetic field, as discussed in section 3. Therefore, combining (37), (38) and (39) we obtain:
For a particular m o , which means a time order k = m o Q s /p, we can re-arrange (40) to express explicitly each asynchronous harmonic. For each particular n o we have two asynchronous harmonics whose space order, q, and amplitude, B qk , are calculated as follows:
The machine studied in this paper has Q s = 12 slots and p = 2 pole pairs. Therefore, the rotor frame harmonics are of time orders 6,12,18... Accordingly, the most important asynchronous harmonics are for n = 1, which is the fundamental waveform of the slotless solution. This means that the most important asynchronous harmonics for time order 6 there exist space order 5 and 7; for time order 12 the asynchronous harmonics there exist space order 11 and 13; for time order 18 the asynchronous harmonics there exist space order 17 and 19; and so forth.
Armature reaction flux harmonics
The asynchronous harmonics in a symmetrical three-phase stator winding with p pole pairs can be calculated using the well known equations shown in [30, 31] . The amplitude of the armature reaction flux harmonics, F qk , with space order q and time order k is calculated as follows:
where K wq is the winding factor:
The expressions for the distribution factor, K dq , the pitch factor, K pq , and the skew factor, K sq , can be found in [30] . In this paper we will consider a sinusoidal excitation, therefore all the harmonics are due to the fundamental harmonic, I 1 .
The armature reaction mmf expressed in the rotor's reference frame is the following:
where n is an integer number. Therefore, the most significant asynchronous harmonics in this machine are: time order 6 with space orders 5 and 7, and time order 12 with space orders 11 and 13.
In the multilayer current sheet model each harmonic is represented as a current sheet at the stator bore (R 4 ). The peak value of the current sheet can be calculated as follows [16] :
The amplitude of each harmonic produced for this current sheet is obtained by solving the Laplace equation in the cylindrical multilayer model:
Resulting Magnetic Field
The resulting magnetic field expressed as a complex number is simply the addition of the no-load and the stator's magnetic field distribution waveforms. It is important to note that for the calculation of the asynchronous harmonics the addition of the two fields has to take into account the phase of the harmonics [16] . However, in this paper we will assume that the phase angle is 0 for simplicity. This is the same as directly adding the amplitude of each asynchronous harmonic of the same time and space orders.
Results and Discussion
The proposed methodology has been used to calculate the rotor losses in the machine described in section 2, which can be modelled as 5 concentric cylindrical layers with a different conductivity and permeability. One of the aims of this section is to illustrate the importance of accurate calculation of eddy currents in the retaining sleeve, particularly as the conductivity of the sleeve increases. The results of two cases are presented in this section: Case 1: assuming that the conductivity of the sleeve is 0 (a theoretical insulating sleeve); and Case 2: the conductivity of the sleeve is
Both cases are applied to the machine shown in Fig. 1 but assuming different values for the sleeve conductivity. The relative permeability of the sleeve for both cases is as assumed to be µ r = 1. Fig. 4 shows the radial component of the no-load magnetic field distribution at r = R 3 at an instant of time. It can be appreciated that there is a good agreement between the analytical solution obtained using the CP function described in section 4 and the results obtained using FEA.
The amplitude of the no-load asynchronous field harmonics obtained using the CP function is shown in table 2. The asynchronous harmonics can be obtained by doing a 2D Fourier Transform of the waveform of the radial component of the magnetic field distribution shown in Fig. 4 at several rotor positions or simply by evaluating (41).
The amplitude of the armature reaction asynchronous harmonics obtained according to section 4 is shown in table 3. To verify the results obtained using the analytical method we have modelled the machine using FEA software. Fig.  5 shows the current density at an instant of time obtained using transient FEA. The total no-load and on-load rotor eddy current losses for Case 1 and Case 2 obtained using transient FEA are shown in Fig. 6 . It can be appreciated that when the conductivity of the sleeve is not zero (Case 2) the total rotor losses increase. The methodology proposed in section 3 has been implemented in a fairly recent dynamic programming language called Julia [32, 33] and in Matlab. Julia has been developed recently at the MIT and it is targeted to scientific computing while trying to achieve high performance. All the relevant scripts and functions of this case study can be found in [34, 35] .
The total rotor on-load eddy current losses are shown in table 4. It can be appreciated that the results obtained with the proposed methodology present a reasonable level of accuracy for no-load and on-load conditions for Case 1 and for Case 2 compared with the results obtained using 2D transient FEA. Figs. 7 and 8 show a comparison of the results obtained using transient FEA, the proposed analytical method using transfer matrices (TM), Freeman's rectangular method [20] and for the resistance limited model [8, 21 ]. Freeman's rectangular method does not provide very accurate results because the cylindrical regions are thick; this methodology is more suitable to study the losses in thin domains. The resistance limited model [8, 21] overestimates the losses for Case 1 because the skin depth for the relevant frequencies is larger than the PM's thickness. This model provides more accurate results for Case 2 because a large part of the losses is concentrated in the sleeve, in which the skin depth is larger. Finally, it can be appreciated that the proposed methodology using transfer matrices provides more accurate results in all operating conditions. 
Conclusions
In this paper we have presented a novel re-formulation of the multi-layer current sheet model using transfer matrices to readily estimate the rotor eddy current losses by solving Helmholtz's diffusion equation in polar coordinates. The main advantage of the proposed methodology is that it allows the machine designer to deal with matrices of order two rather than large matrices, which reduces the mathematical complexity significantly and makes the calculations straight-forward.
The case study shows that the results obtained using the proposed methodology are consistent with static and transient FEA. Furthermore, the proposed methodology is more accurate than the rectangular approximation [20] and than the resistance limited model [8, 21] .
While 2D-FEA provides a verification of the proposed transfer matrix method, more research is needed, using 3D-FEA and experimental measurement to assess the validity of the 2D current sheet method in general and determine the impact of 3D effects.
Finally, the simple formulation of the problem provides a great insight into the behaviour of the system. In particular, a simple inspection of the transfer matrix of one region can give an idea about how it will behave for a given frequency.
